A many-body pseudopotential for a hard-sphere system which is mathematically equivalent to the boundary conditions imposed on the wave functions is obtained as a generalization of Huang and Yang's binary pseudopotential, and the lowest order term of the ground state energy resulting from the triple collision is calculated for the Bose system. Instead of the direct perturbational treatment of the pseudopotential, the use of the Ilk-representation for the Bose system is proposed and the ground state energy is calculated in this representation. It is shown that the energy thus calculated is of the form-of an expansion in powers of (pa 3)li2, where p is the average density and a the hard-sphere diameter, which is in agreement with Lee and Yang's conclusion drawn from the binary collision expansion method. Some discussions associated with the roton spectrum of liquid He4 are given. § I. Introduction 1 In order to treat the hard-sphere interaction, Huang and Y ang 1 l have proposed the method of the pseudopotential and calculated the energy eigenvalue and the wave function of the many-body system in a form of the power series of the hard-sphere diameter a. The same method has been applied by Huang, Yang and Luttinger 2 J to the theory of the virial expansion and of the Bose-Einstein condensation of an imperfect Bose gas. The great merit of such a method consists in being able to transform the problem for the hard-sphere system into a form where the usual perturbational calculation can be applied of which use is impossible for the original form of the potential function. In spite of these successes, however, there can be pointed out two difficult points in Huang and Yang's original -treatment of the pseudo potentiaL One of them is found in their neglect of the triple and ·higher order collision terms. Since the triple collision term is estimated to be of the order a 4 by a dimensional analysis, it is not possible to calculate exactly the terms of order a 4 by their pseudopotentiaL Another difficulty lies in the direct perturbational treatment of the pseudopotentiaL According to Huang and Yang the ground state energy E 0 of N Bose particles is given by up to the terms of order a 3 , where V ( = £3) is the volume of the system, C and ~ are numerical constants. If one keeps the density p=N/V constant and makes N tend to infinity, the above expression diverges as N 113 • Of course, such a behaviour of the energy Downloaded from https://academic.oup.
IS inconsistent with the usual property of the macroscopic system that the energy per particle does not depend on the particle number explicitly, provided that the surface effects are neglected.
The divergence difficulty mentioned above was noticed by Lee, Huang and YangBl themselves and an expression for Eo/ N having the correct volume dependence was obtained with an explicit consideration of the eigenvalue problem for the pseudopotential. A somewhat different approach to the problem was undertaken by Brueckner and Sawada, 4 > which is essentially identical with that given by Brueckner and Levinson 5 l in their general theory of many-body systems with strong interactions, anc~ the peculiar features of the Bose system giving rise to the perturbation divergence were clarified.
Brueckner and Sawada's method is powerful not only in avoiding the divergence difficulty but also in dealing with the condensed system where the " binary " pseudopotentialintroduced by Huang and Yang seems to be no longer valid. It may be desirable, however, to be able to deal with the system at high densities by means of the pseudopotential method.
For this purpose, it is necessary to find a many-body pseudopotential including the many-body collision terms besides the binary one, since the triple or higher order collision terms are expected to be important for the condensed system.
In this paper we shall undertake to find such a many-body pseudopotential.
In § 2 we shall consider a generalized pseudopotential for the two body system and in § 3 the pseudopotential for the many-body system which is mathematically equivalent to the boundary conditions imposed· on the wave functions will be given.
In § 4 the expressions correct up to the terms of order a 4 will be given and the lowest order term of the ground state energy resulting from the triple collision will be calculated for the Bose system. In § 5 we shall show that the {ik·representation for the Bose system developed by Bogolyubov and Zubarev 6 l is appropriate for dealing with the pseudopotential, because this representation leads to the result that Eo/ N has the correct volume dependence. The phonon spectrum will be obtained and compared with one deduced by Landau.
It will turn out that the theoretical spectrum cannot account for the roton spectrum. Some comments on the pseudopotential method associated with this problem will be given. § 2. Generalized pseudopotential for the two body system
The explanation of the physical and mathematical concepts of the pseudopotentials has been thoroughly given by Huang and Yang and will not be ;epeated here. We mention here, however, that the investigation of the following equation (2 ·1) and of the singular properties at r = 0 of the solution lp provides a key to find an exact pseudopotential for the many-body system.
The physical meaning of eq. (2 ·1) will best be visualized if we consider the corresponding boundary value problem in the electrostatics. The· appearance of f(x) on the right in eq. (2·1) means that there is a charge distribution -f(x)j4n m the vacuum space and the boundary condition at r=a is equivalent to the presence of a perfect conducting spherical shell of radius a. As is easily recognized new multipole induced by the charge distribution will appear at r=O in addition to the multipole already present in the vacuum space, in order to make the potential vanish at r=a. Since the .perfect conducting shell has the shielding properties that the electric field cannot enter into this shell, the induced mu1tipole will be determined only by the situations inside the shell. It is easy to find this multipole, because the solution of the inhomogeneous equation (2 ·1) is easily found.
Next consider the following two body equation (2 ·2 
In these expressions X is the coordinate of the center of mass ( = X 1 + X where for I= 0 we should put
Substitution of eq. (2 · 2I) in (2 ·I8) leads to where (1=0).
[ 
+ · · · (fx,z,m"'T-Z-I as r~O).
Hence, in general, we can consider K12 is of the order a 2 • § 3. Pseudopotential for the many-body system (3 ·2) where P;J is the pseudopotential for the binary collision defined by eq. (2 · 24) and Q,J IS one corresponding to the higher order collisions which will be determined below.
Write eq. (3 · 2) in the following form (l ,2) where ~' means that the pair (12) for general i, j we have
which is an equation to· determine QiJ. As mentioned in § 2, ~J is an integral operator and therefore eq. (3 · 5) leads to an integral equation for Q,J which -is solved by an iteration procedure. As will be shown in § 4 the inhomogeneous part (the first and the second terms) in eq. (3 · 5) is of the order a\ so that the iterated terms are of the higher orders (at least of the order a 6 by eq. (2 · 28)). Hence the third term in eq.
( 3 · 5) can be ignored as long as the terms up to a 4 are concerned.
Here we encounter a question whether the second term in eq. (3 ·4) changes the dependence of {K,t,m(r) on r, because only the first one was taken into account in eq. In the previous section we have obtained the pseudopotential ·for the higher order collisions.
If it were possible to solve the eigenvalue problem for eq. (3 · 2) under the ordinary boundary condition only, the solution should yield an exact energy eigenvalue and an exact wave function in the region having the physical meaning, i. e., outside each hard-sphere.
Here we shall proceed with Huang and Yang, treating the pseudopotential as a small perturbation and expanding the physical quantities in powers of a. The pseudopotential up to the order a (correct up to the order a 3 for the energy) has already been obtained by Huang and Yang.
The same could be calculated to any desired orders according to our method. However, we shall confine ourselves to the terms up to a 4 and principally deal with the Bose system.
We shall first consider the binary pseudopotential. The phase shift appearing in eq.
(2 · 24) is given by ao= -kra for the S-state and hence we have
The contributions from the P-state vanish, since the P-wave scattering is forbidden for the )3ose system, which is also seen from the definition of f2x,z in eq. 
Here the terms correct up to a which are necessary in the following calculations are given.
We wish now to calculate the contributions arising from H 1 • Multiplying eq. ( 4 · 5)
by <Po and integrating over the coordinates of all particles, we have Let the second term on the right be Nk/, i.e.,
Substituting eq. ( 4 · 9) in this expression we have whkh is the energy due to the triple collisions.
On the other hand the second and the third terms in Hb also give the contributions Hence it follows that for the large angular momentum the triple collision is more important than the binary one, which is not improbable from the physical point of view. For the particle pair with the larger angular momentum has a· farther distance of closest approach, thus the chance for the binary collision will be diminished. § 5. The ground state energy and phonon spectrum in the pk-representation In § 4 we have calculated the ground state energy by a perturbational procedure, except for the contribution from the lowest order term in the pseudopotential. It is not appropriate, however, to treat this term by a perturbation method, for the energy thus calculated has not the correct volume dependence as was mentioned in § 1. We wish to show in this section that the Pk-representation developed by Bogolyubov and Zubarev 6 ' is useful to avoid this difficulty.
The phonon spectrum will also be calculated in this representation.
One reason why the pk·representation has riot been applied hitherto to a system of hard-spheres lies in the divergence of the Fourier component of the corresponding potential function. On the other hand the pseudopotential has a definite Fourier component and enables one to apply the pk-representation to the hard-sphere system.
If we retain only the first term in eq. ( 4 · 6) the Schrodinger wave equation becomes In order to carry out the computation it is convenient to neglect the term P 11 J! for a time. Then eq. (5 · 1) represents the Hamiltonian of particles interacting with the potential of the J.function type, and· the p1,-representation can be applied. It turns out, however, that the energy thus calculated is divergent. Next we shall take account of .the contribution from the term Plifl.
It can be shown that this contribution becomes oo, also. However, when two terms are added together, the total energy is no longer divergent, since the term P' 1 P' leads to a subtraction procedure which yields the cancellation of the divergence ansmg from the two terms.
From eq. (5·1) it follows that the potential function V(x) is given by
of which Fourier component 1s
Therefore with the hel£5 of eq. (2 ·15) of reference (6) the ground state energy E 0 1s given by
where E (k) is the phonon energy defined by
From eqs. (5·4), (5·5) and (5·7) we have
If we replace the sum ~ by an integral above expression diverges, as expected. Although k there may be several ways to compute the contribution from P', here we shall choose the following procedure. The wave function correct up to a was given by eq. (4 · 9). Using this result we compute the expectation value of P'. Up to the order a 2 this leads to 
Adding this to eq. (5-9) we have
or, replacing the summation by an integration we have
which is identical with a result given by Lee, Huang and Y ang 3 l with the explicit investigation of the eigenvalue problem of the pseudopotential.
The coefficient of (pa 3 ) 1 ' 2 is exact, since the correction term due to the triple collision is of the higher orders, as we have shown in § 4, and that due to the phonon-phonon interactions is also of the higher orders, as we shall show below.
The ground state energy expressed in eq. ( 5 -5) corresponds· to the unperturbed energy of a system of the independent phonons.
If the interaction between phonons is taken into account the perturbed energy must be added. Its expression has already been given by Bogolyubov and Zubarev (eq. (4·20) of reference (6)). An exact calculation of this term based on the phonon spectrum given by eq. (5-7) is extremely tedious, yet its dependence on the physical quantities can be seen without any detailed calculations.
The perturbed energy is something of the form which is in agreement with Lee and Yang's conclusion 7 l drawn from the binary collision expansion method or Lee, Huang and Yang's conclusion 3 l drawn from the explicit consideration of the eigenvalue problem.
It is interesting here to compare the excitation energy spectrum given by eq. At the same time, the form factor function S (k), which can be calculated by the use of Feynman's 10 l relation, is also monotonic, as is seen from the following equation
In actual liquid He\ however, S(k) obtained from the X-ray scattering experiments shows the characteristic, nonmonotonic behaviours.
From these considerations it follows that the excitation energy spectrum obtained by the pseudopotential method is no longer valid for the short-wave excitations, though it can predict the existence of phonon states in the long-wave regions.
One may attempt to improve the spectrum by taking account of the higher order collision terms.
This may be carried out by considering the term H., eq. ( 4 · 7), and by neglecting the differential operators as we have done from eq. (5 · 3) to eq. (5 · 7). Since Ht represents the many-body potential rather than the two-body potential, it may be transformed into the phonon-phonon interactions in the {ik·representation, together with the alteration of the excitation spectrum. However it seems that the improved spectrum is also monotonic, since the potential is of the a-function type of which Fourier component is constant and not oscillating.
In order to clarify these points, it may be instructive to reconsider the meaning of the pseudopotential. As Huang and Y ang 1 l have pointed out, the pseudopotential corresponds to the multipole expansions of surface charge induced on the 3N-dimensiona1 "tree". To make the understanding easier, it seems appropriate to use the analogy with the electrostatics. Consider a trivial problem to find the electrostatic potential when the sphere of perfect conductor is charged. If we confine ourselves to the spherical symmetric solution it is simply ejr, where e is the constant, r the distance from the origin. This solution has, of course, the meaning outside the sphere and the potential should be constant inside, owing to the surface charge distributed on the sphere. (Fig. 1 curve A) . Now, Returning now to the pseudopotential, we see easily that the pseudopotential corresponds to the curve B, since it includes the term a (r) corresponding to the point charge at the origin. Then it may be inferred that the pseudopotential corresponding to the curve A can be constructed, which includes the term 8(r-a) instead of a(r). In electrostatics the surface charge is given by the jump of a (potential) j8r across the surface.
The same may be applied to the hard-sphere system, with the potential replaced by the wave function fJI', i. e., the surface charge is given by the discontinuous value of 8f]l' j8r at r=a. Further fJI' may be constant ( =0) inside the hard-sphere corresponding to the fact that the potential is constant for r <a in the electrostatics. Then we may infer that the surface charge becomes larger as the density increases, for the wave function is confined to the smaller regions and 81]! j8r at r=a+O becomes larger in order that fJI' should be normalized. Now, let the surface charge be S8(r-a), which substitute this in eq. (5·4) with V(x) =S8(r-a). From the reasoning we have mentioned above, it is expected · that S 1 is the increasing function of the density. Now, E (k) expressed by eq. (5 · 14) has the remarkable properties that it is the oscillating function of k, contrary to E (k) given by eq. (5 · 7). At low dtnsities, S 1 is small and hence the term k 2 overcome the oscillating term, which yields rather a monotonic behaviour of E (k). However, at high densities the oscillating term is expected to be comparable to the term k2, and hence the nonmonotonic behaviour of E(k) is expected. In this way the roton spectrum of liquid He 4 can be explained at least qualitatively.
From the above discussions, one may infer easily that the "surface charge pseudopotential " is suitable for the investigations of the spectrum in the short-wave regions, where the " point charge pseudopotential " seems to be no longer valid.
R. Abe
The reasoning discussed hirherto seems to be highly tentative ; however it is not impossible to construct the " surface charge pseudopotential " in the more exact and systematic way. This will be discussed in a forthcoming paper.
